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1. Introduction and motivation
» Kernel machine and neural tangent kernel
» Generalization theory of neural networks
* Motivation of this work
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Kernel Machine

« Kernel: K(x,x") = (®(x), P(x")), ®: X - H maps the data to a (potentially infinite
dimensional) feature space.

« Kernel machine (KM): linear function in the feature space

gx) =B, ®x))+b=3-,a;K(x,x;) + b, where g = Y, a;P(x;)

« RKHS norm of g: ||B]| = \/Z’f:l Q=1 aiajK(xi, xj)

oy 9(0) = (B, ()
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Neural tangent kernel

* Neural Tangent Kernel (NTK) (Jacot et al., 2018): V., f(w,x)
O(w; x,x") =(V,,f(w,x),V,,f(w,x)) w <
Vi f (w, x)

measures the similarity between data points x, x’ by comparing their gradients

« Under certain conditions (e.g., infinite width limit and NTK initialization), NTK at
Initialization w, converges to a deterministic limit and keeps constant during training:

O(wy; x,x") = 0, (x, x")

NTK at initialization Independent of w,
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Neural tangent kernel

* |Infinite-width neural network (NN) trained by gradient descent with mean square
loss & kernel regression with NTK [Jacot et al., 2018; Arora et al., 2019]

kernel regression: linear regression in the feature space
nvlvin Yicill{we —wg, Vy f (wo, x;)) — vill?
t

* Wide NNs are linear in the parameter space [Lee et al., 2019]:
fwe, x) = f(wg, x) +(V,,f (Wp, x), W —wg) + 0(—m) m: width of NN

\/—

* Infinite-width NN trained with ¢, regularized loss < ¥, regularized KMs with NTK,
e.g. SVM [Chen et al., 2021]

Chen et al., 2021. On the equivalence between neural network and support vector machine. NeurlPS 2021.



Neural tangent kernel

equivalent

Ultra-wide NN trained with ﬁ KM g(B,x) = (B, V,,f(wy, x)) with
Lw) = 2 [w®|? + z” 2(f (W, %), v2) L(B) =2 IIBIP + Z £(g(B,x), ¥)
B 2 i=1 X Vi 2 =1 ot

L). .
w'“’: last layer of NN SVM: £(z,y) = max(0,1 — zy)
(a) Outputs (c) Difference of outputs (d) Hinge loss
— SVM(infinite NN) . 04— VM- NN width=10K 10 — SVM
------ NN width=10K - ----- SVM - NN width=900 - NN width=10K
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Chen et al., 2021. On the equivalence between neural network and support vector machine. NeurlPS 2021.



Neural tangent kernel

Our prior work [Chen et al., 2021]:

A Loss 4(z,y) Kernel machine
A=0([1,2D) (y—2)? Kernel regression
A — 0 (ours) max(0,1—yz) Hard margin SVM

(
(0,1 —yz) (1-norm) soft margin SVM
max(0,1 — yz)? 2-norm soft margin SVM

A>0(ours) max(0,|y — 2| —€) Support vector regression

Kernel ridge regression (KRR)

log(1 + e~ ¥%) Logistic regression with ¢ regularization

Suppose 7 is Lipschitz and smooth,
~ 1
If () — 9@l < 0(z=)

Chen et al., 2021. On the equivalence between neural network and support vector machine. NeurlPS 2021.
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Neural tangent kernel

kernel regression £, regularized KMs

[ HO@) =Vfe D)) [ HiBE) =V, f (o, )
equivalent

ﬁ f(w, x) o

(D(Xi) ¢ ®
e cb(ii)/fpgcj) /
| N N M)

[Jacot et al., 2018; Arora et al.,

[Chen et al., 2021]
2019; Lee et al., 2019]

f(W, .X')

These equivalences are useful for analyzing NNs
@ But only holds for infinite-width/ultra-wide NNs

Q1. Can we establish a connection or equivalence between general NNs
(vs ultra-wide NNs) and KMs?



Generalization theory of neural networks

How do the neural networks (NN) generalize on test data?

generalization gap:

GAP = E,_, [f(w,z)] — %Z’lf‘:lf(w, z) <
\ Y ] | }

|

L,(w): populationloss  Lg(w): training loss

IQI G: NN function class

GAP < y n: # of samples




Generalization theory: general NNs

1. VC dimension [Bartlett et al., 2019]

L: # of layers
log(n)) n: # of samples
W;: weight of layer [

# of parameters

GAP < 0(\/L

2. Norm-based bounds [Bartlett et al., 2017; ...]

L
_1||W
l—lll l”) « Do not explain the generalization ability of
\/ﬁ @ overparameterized NNs. [Belkin et al., 2019]
« Vacuous: too large to be useful

GAP < 0(

e Other bounds:

« PAC-Bayes bounds (mainly focus on stochastic NNs)
* Information-theoretical approach (expected bound)

Bartlett, et al.. Nearly-tight vc-dimension and pseudodimension bounds for piecewise linear neural networks. JMLR 2019.
Bartlett, et al.. Spectrally-normalized margin bounds for neural networks. NeurlPS 2017.



Generalization theory: ultra-wide NNs

 Arora et al., 2019: for ultra-wide two-layer FCNN,

2yT(H®) 1y H*®: NTK of the first layer
n

GAP <
\

« Cao & Gu, 2019: for ultra-wide L-layer FCNN, @ These bounds only hold for
ultra-wide NNs

3 2yT(0)1
GAP < O(L- |=Z ©) Y,

\ n

Q2. Can we establish tight (vs vacuous) generalization bounds for general NNs
(vs ultra-wide NNs)?



Motivation of this work

1. Can we establish a connection or equivalence between general NNs (vs ultra-
wide NNs) and Kernel machines? It can have many benefits:

1. New understanding of NN trained with SGD

2. Generalization bound for NNs from the perspective of kernel
3. Analyze NN architectures from this equivalence fp
4. Improve kernel method from the NN viewpoint ®

2. Can we establish tight (vs vacuous) generalization bounds for general NNs (vs
ultra-wide NNs)?

Yes!



Outline

2. Main results
» Loss path kernel and the equivalence between NN and KM
* Generalization bound for NN trained by gradient flow

« Case study and Application
 Ultra-wide NN
 Neural architecture search



Loss Path Kernel

Neural tangent kernel (NTK):
O(w; x,x") = (V,, f (W, x),V,, f (W, x))

Loss Tangent Kernel (LTK): , — (x,v)
K(w; z,z") =(V,,£(w,2),V,£(w,z"))

Loss Path Kernel (LPK):
T

Kr(z,z";S) =j K(w(t);z, 2") dt

0

- f (Vo (W, 2),V,, £(w, 2)) dt

V,ft(w,z)

w="__

V,ft(w,z)

w(T),

path .-~
w(t) = Vi t(w(t),2)

wo)y  Vwtw(),7)



Equivalence between neural network and kernel machine

With gradient flow (gradient descent with infinitesimal step size):

w(t + 1; —wl®) _ —V,,Ls(W(t)) "__)Oy dvflit) = —VyLs(w(t))

We can derive equivalence:

l, n I _
| 1 | Very general equivalence!
bwr2) = ) ==Ky (2,255) + £(wy,2)
L ) \
Loss function ~--------------- Loss function
attime T Kernel machine at initialization

with LPK



Equivalence between neural network and kernel machine

Proof:
df(w¢, z)

dt

< wt (W, 2), —> By chain rule

= (Vy,?(wg, 2), =V Ls(Wt)) Gradient flow: dd—t= -V, Ls(W;)

<V (wy, 2), __ZV £(wy, Zl)> Definition of Ls(w;)

= _—Z(V t(wy, 2),V,£(we, z;)) Rearrange

Integrate from 0 to T

t(wp,z) — (W, z) = —— j (Vi, 2wy, 2),V, 2 (W, z;)) dt = z —lKT(z z;;S)

l =1



Equivalence between neural network and kernel machine

Stochastic gradient flow (SGD with infinitesimal step size):

w(t+1) —w(t) n -0 dw(t)

n — _VWLSt(W(t)) —_— dt = _VWLSt(W(t))
S € {1, ...,n} is the indices of batch data, m = |S;|: batch size
Equivalence: Sum of KMs with LPK

______________________

\—————————————————————



Equivalence between neural network and kernel machine

Compare with previous equivalence results:

finite Ultra-wide infinite
| I I » NN width

Mean square |_ NTK [Jacot et al., 2018;

loss Arora et al., 2019; Lee et al.,
This work 2019]
Other standard |_
loss

Our prior work

_ [Chen et al., 2021]
£, regularizedp-

loss

\4



Equivalence between neural network and kernel machine

Verify the equivalence: two-layer NN .
£wr,2) = ()~ Kr(z,255) + £(w,2)
i=1

(b) Difference of logistic loss

0.0015 ,"’\\ —— NN GF - KM
N\ ~-—- NN GD - KM
W\ )
- \\;:\/ Loss for different
\
—————— W% samples
P W\, ~— approximate equivalence
0.0005 //’ A \\\\\\ \\\\\ \\\
, \\\\ \\ N
/ / N W 2) exact equivalence
\\\\\ M \\\
0.0000 e il
Mo s ozsmmmmzzend (We, z3)
RO iR C P
—0.0005 N~
0 200 400 600 800 1000
t

* NN trained by gradient flow (GF) exactly equal to the KM
* NN trained by gradient descent (GD) is also close with the KM



Generalization bound for NN trained by gradient flow

Different training set induces distinct LPK. Set of LPKs with constrained RKHS norm:

Set of LPKs 1 ,
K = {KT(-,-;S’):S' € supp(u®"),n—zz KT(Zi’, Zj;S') < B?%}
L,J

S =z, S' = 23,
. . . "II gT
Set of NNs trained to time T from all feasible S’ : f(Wo, 2) &

———————————————————————————————

gT — {ilg(z) — 2 —%K(Z, Zi’; S,) + 'F(WOJZ):E K()IS’) € “]CT}

=1 ]

_______________________________

f£(wy, z) trained from S’



Intuition of our work

* The set of trained NNs G can be much smaller than the whole set of NNs
» We characterize G through the equivalence between NN and KM

S,', 5. different set of
samples
G,.setof NNs attime t

whole set of NNs




Rademacher complexity

Empirical Rademacher complexity of a function class g,

n

~ 1
RS(Q) = g [EO' [Sup O'ig(Zi)] 0 = (0-1: ey O-n)"’ Unif({‘l'lr _1})

A measure of the richness of a function class. Measure the ability of the functions in G to correlate
with random noise.

ForG = {#(f(x),y): f € F}and ¢(f,y) € [0, 1], with high probability [Mohri et al. 2018],

GAP < 2R(G)

Mohri, M., Rostamizadeh, A., and Talwalkar, A. Foundations of machine learning. MIT press, 2018.



Generalization bound for NN trained by gradient flow

Compute the Rademacher complexity of G,
GAP < 2 min(Uq, U,)

1
SUPKex, 2 K(z;,z;;S") + Z A(Zl, : A(zl,zj) = supKEgCTK(zl,z],S )

l:'t] —lanEg(‘TK(Zi,Zj,S )

U—B
T n

\

maximum magnitude of the loss gradient in
Kr evaluated with S throughout the training
trajectory.

Ky (2325 S) = j 1V, 20w, 212 dt

range of variation of LPK in K

Can be estimated with training samples



Generalization bound for NN trained by gradient flow

Bound for general NNs Bound for KM with a fixed
kernel K
B - B |v
Ul = z SupKEg(T 2 K(Zi, Zi, S’) + Z A(Zii Z]) GAP < g Z K(xl-,xi )
V i=1 i%] \ 1=1

[Bartlett, P. L. and Mendelson, S. 2002]

v v

Similar with the bound of KM but with an

i Due to the set of kernels K
additional supremum over K

« When |X;| =1, U; recovers KM’s bound

Bartlett, P. L. and Mendelson, S. Rademacher and gaussian complexities: Risk bounds and structural results. Journal of
Machine Learning Research, 2002.



Covering number

e—cover: given a set U, distance €, norm ||:||, V € U is a e—cover of U when

sup inflla — b|| < €
sup inflla — bl

Discretize or cover the function class with finite representative elements.

Covering number NV(U, €, || ||): minimum cardinality of e—cover.
« Can be used to analyze generalization
« Has a relation with Rademacher complexity



Generalization bound for NN trained by gradient flow

Analyze the covering number of G,
GAP < 2 min(Uq, U,)

Gz = {9@) = (9(z1), ..., 9(zn)): g € Gr},

N(G2, € |l ) is the covering number of G3.

€ 2In NV S,e,
U, = inf | = + (G7,€ l 11)
e>0\n \ n

If the variation of the loss with different training data is small,
U, will be small.

« Can be estimated with training samples
« Can get similar bounds as U;, U, for stochastic gradient flow



Generalization bound for NN trained by gradient flow

Compare with previous generalization bounds:

Finite-width Ultra-wide
| |

» NN Architecture

VC dimension, norm-based bounds
Vacuous - [Bartlett et al., 2019, 2017]

NTK-based bounds
[Arora et al., 2019;

L -
00S€ Cao & Gu, 2019]

Tight P This work

v

Tightness



Generalization bound for NN trained by gradient flow

Compare with previous NTK-based bounds

Arora et al. Cao & Gu Ours
Bound \/ZYT(T’Q)_IY ()(L - \/YT(?)_IY) Theorem 3, Theorem 5
Model [Ultra—wide two-layer FCNN] [Ultra—wide FCNN] [General continuously differentiable NN]
Data i.i.d. data with ||z|| = 1 i.i.d. data with ||| = 1 1.i.d. data
Loss [Square loss] Logistic loss] LContinuously differentiable & bounded loss]
During training No No Yes
Multi-outputs No No Yes
Training algorithm GD SGD (Stochastic) gradient flow

D@ Much more general results!

Arora et al.. Fine-grained analysis of optimization and generalization for overparameterized two-layer neural networks. ICML 2020
Cao, Y. and Gu, Q. Generalization bounds of stochastic gradient descent for wide and deep neural networks. NeurlPS 2019.



Experiment: Generalization bound for NN trained by gradient flow

Experiment of two-layer NN

' !
(c) Rademacher complexity bound Tight bound! Db

0.10 T
—— Generalization gap G lization b q
—— R%(¢r), 20 8 eneralization boun
0.08 a 100000 55957.3
— R%(r), 50 &
A of ) 10000
RZ(Gr), 100 S
0.06 1000
140.7
100
0.04 10
1.44
1
0.02
0.1 I 0.03
0.01 I
0.00 7 VC dimension Norm-based  NTK-based bound Our bound
bound bound (ultra-wide NN)

0 200 400 600 800 1000



Case study: Ultra-wide NN

For an infinite-width NN with constant NTK @(x, x"), we can bound LPK with NTK

GAP < PB\/T Z |@(xi;xj)| p: Lipschitz constant of 2(f, y)
n ij
\ j
s 2yT(©)-1 .
Compare with O (L J Y (n) Y) [Cao & Gu, 2019],
Finite-width Ultra-wid
1. no dependence on the number of layers L g — . e—
2. holds for NNs with multiple outputs Vacuous F Y ot ot o 2018, 20171
NTK-based bounds
L [Arora et al., 2019;
Loose Cao & Gu, 2019]
Tight | This work Case study
\ 4

Tightness



Application: Neural architecture search

Use the bound to estimate the test loss and design minimume-training NAS

algorithms:
Gene(w,S) = Ls(w) + 2Usyq
NAS-Bench-201

Usga- simplified from the bound of stochastic architecture — — —
radient flow ORI SH I, Shy e
g \ 7/

[ ce ce —> zeroize R
ﬁQ_/\H.J ....... E/O\%\/\H.} skip-connect
1X1 conv
cell cell 3X3 conv
CIFAR-10 CIFAR-100 @J _______ Q,«} s a g
Algorithm Accuracy Best | Accuracy Best - SRRy
Baselines

“RS”: randomly sample 100 architectures and

gljlbfG[‘,ii][39] gg'gjio'ls 9325 2(9).3212.40 73.16 select the one with the best metric value
Ours Gene(w, S),: Gene(w, S) at epoch 1

RS + Gene(w, S); | 93.68+0.12 93.84 | 72.02+1.43 73.15
RS + Gene(w, S), | 93.79+0.18 94.02 | 72.76+0.33 73.15 “Optimal”: the best test accuracy achievable in

Optimal 94.37 73.51 NAS-Bench-201 search space

“Best”: best accuracy over the four runs



Outline

3. Conclusion and future works



Conclusion

o New equivalence 9 Generalization 9 Useful in theory
between NN and KM bound for NN and practice

P

« New kernel LPK " 'II_'I'OI}‘?tS f%r ger(ljel;al NNs = Better bound for ultra-wide NNs
. [ -
= Much more general equivalence 'ghter bounas: * Minimum-training NAS algorithms
—————————— Generalization bound CIFAR-10 CIFAR-100
( n 1 \| 55957.3 Algorithm Accuracy Best | Accuracy Best
£ (WT ) Z) = iz — T_lKT(Z y Zi; S ):+ ? (WO , Z) I 140.7 » EESI\E%E?BQ gg:giiO.IS 93.25 2(9):3?2.40 73.16
\l.__l ________ Y ' 0.03 Ours e
| 001 - RS + Gene(un, )y | 93994015 9402 | 72765033 1313
Kernel machine O & S & Optimal 9437 7351
. o s
with LPK N é\‘@ O§°



Future works

0 Applications based 9 Equivalence & Q Improve the
on the theory generalization for other generalization bound

optimization algorithms

» Analyze different NN
architectures from this
equivalence

» Design better kernel
function based on LPK

= Quantify the influence of
each training sample (core
set selection, interpretability,
robustness)

SGD with momentum » Remove supremum
Adam = Tighter bound
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Thank you for listening!



